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Classical simulation of arbitrary quantum noise
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(Dated: Oct. 24, 2017)
I present an explicit classical simulation of arbitrary quantum noise for quantum models in which
one qubit interacts with a quantum bath. The classical model simulates the interaction of the bath
and the qubit by random unitary evolutions. I show that any arbitrary quantum dynamics, including
quantum dissipation, recurrence, and dephasing, can be simulated classically when one allows the
unitary operators in the classical model to depend on the initial state of the system and bath. For
initial mixed states of the system and non-product states of the system and bath, I demonstrate
that random unitary expansion is still possible, in terms of a set of pure states.
I. INTRODUCTION
Entanglement is “the trait of quantum mechanics”
that “enforces its entire departure from classical lines
of thought”, according to Schrödinger [1]. In open
quantum systems, the creation of entanglement be-
tween the system and its environment is commonly
stated as the root cause of decoherence [2–11]. The
loss of coherence in open quantum systems, or deco-
herence, itself is considered to be the reason for the
appearance of classical traits in quantum systems
and to be connected with the quantum-to-classical
transition [12, 13].
However, recently it has been demonstrated that
certain types of decoherence can be simulated clas-
sically by random unitary dynamics without ap-
pealing to entanglement with an environment and
the idea of transformation of information, which
comes with it [14–19]. Specifically, the pure de-
phasing decoherence, for principal systems with two-
dimensional Hilbert space, and depolarizing noise,
for all dimensionalities, has been simulated classi-
cally [17].
It has been also shown that some kind of random
unitary dynamics, producing classical noise, is ca-
pable of retrieving coherence, quantum correlations
and entanglement between the parts of a composite
quantum system, such as two qubits, that are locally
interacting with the classical noise [20–24].
Moreover, the effect of entanglement between a
system and one of the main two types of quantum
environments, the spin bath [25, 26], can be simu-
lated by that of the other type, the oscillator bath
[27, 28], in the weak- [25, 27, 29–31] and strong-
coupling [32] limits of the spin bath, while the envi-
ronments and their entanglement with the principal
system are strikingly different in nature [25, 33].
What is the role of entanglement in quantum deco-
herence? And what is the distinction between quan-
tum and classical noises? This paper attempts to
investigate these questions further.
For a single qubit, it is well known that every dou-
bly stochastic (or unital) channel can be represented
as a random unitary channel [14, 34–36]. A doubly
stochastic channel is a completely positive map on
the Hilbert space of the principal system that maps
the completely mixed state onto itself. A subclass of
unital channels is made up of random unitary chan-
nels which are convex combinations of unitary trans-
formations:
E(ρ) =
∑
i
piUiρU
†
i
(
pi > 0,
∑
i
pi = 1
)
. (1)
We extend the idea of random unitary channels
to random unitary expansions by letting the uni-
tary operators Ui depend on the initial state of the
system-plus-environment. We show that for a sin-
gle qubit with initial pure states ρ(ti) not only dou-
bly stochastic operations but all quantum evolutions
have random unitary expansions:
ρ(t) =
∑
α
pαUαρ(ti)U
†
α (2)
where Uα is a function of time and the initial state
of the system-plus-environment. A Lebesgue inte-
gral over an infinitely uncountable set of index α is
intended by the sum above.
For mixed initial state ρ(ti) of a single qubit, we
show that a random unitary expansion is possible in
the following sense:
ρ(t) =
∑
α
pαUαρα(ti)U
†
α (3)
where
ρ(ti) =
∑
α
pαρα(ti)
and ρα(ti) are some pure states.
We construct an explicit time-continuous classical
model that simulates the effect of entanglement and
derives the above results. For the sake of simplicity
we first introduce the classical simulation of quan-
tum models in which the system starts in pure states
and the universe (system plus environment) starts
in product states. We devote Secs. II–IV to this
case and describe the quantum and classical mod-
els and prove their equivalence. In Sec. V we relax
the initial-state assumption and let the system start
in a mixed state and the universe in a non-product
state. We show that a random unitary expansion
is still possible in this case. Finally, in Sec. VI we
give three examples for the case of initial pure states.
The first example is the simulation of quantum re-
currence in which the entropy decreases in the inter-
mediate stage of evolution from an almost maximum
value of ln 2 to zero! The second example simulates
pure dephasing decoherence. The last example is a
simulation of amplitude damping, which could not
be achieved in the previous classical models to this
general extent [18, 37].
II. QUANTUM MODEL FOR INITIAL
PURE STATES
In this section through Sec. IV we consider all
quantum models with the following four properties:
(1) The central system S is a single qubit. (2) The
qubit interacts with an arbitrary quantum bath B.
(3) The initial state is a product state
ρU (ti) = ρ
Q(ti)⊗ ρB(ti) (5)
where ti is the initial time, ρU is the density ma-
trix of the universe (system plus bath), and ρQ(ti),
ρB(ti) are the initial density matrices of the system
and the bath (We use superscript Q for the density
matrix of the system, instead of subscript S, to em-
phasize that this density matrix is associated with
the quantum model). (4) The system is initially in
a pure state,
ρQ(ti) = |Ψi〉〈Ψi|. (6)
The total Hamiltonian of the above quantum mod-
els can be decomposed into three parts as usual:
HU = HS +Hint +HB (7)
where HU , HS , HB and Hint are the Hamiltonian of
the universe, the qubit, the bath, and the interaction
Hamiltonian respectively. The density matrix of the
universe evolves by the evolution unitary operator
U(t, ti) = e
−iHU (t−ti). (8)
where we have set ~ = 1. At each t the density
matrix of the universe is
ρU (t) = U(t, ti)ρU (ti)U(t, ti)
†. (9)
The quantity of interest here is the reduced density
matrix of the system, which can be obtained by tak-
ing the trace of ρU (t) over a basis of the bath
ρQ(t) = TrB [ρU (t)] (10)
Choosing some basis for the Hilbert space of the
qubit, one can write ρQ(t) in its matrix form
ρQ(t) =
(
ρQ00(t) ρ
Q
01(t)
ρQ10(t) ρ
Q
11(t)
)
(11)
Since the evolution is quite arbitrary there are only
a few general statements that one can make about
ρQ(t). Three of them are particularly useful in our
discussion:
ρQ00(t), ρ
Q
11(t) ≥ 0 (12)
ρQ00(t) + ρ
Q
11(t) = 1 (13)∣∣∣ρQ10(t)∣∣∣ ≤
√
ρQ00(t)ρ
Q
11(t). (14)
The first two are well known. The third one can be
derived from the positivity condition of the reduced
density matrix, which implies det(ρQ) ≥ 0. The
positivity of the reduced density matrix itself can
be derived easily from the positivity of the universe
density matrix. In App. A we give a proof for (14),
which is finer than the positivity condition and may
be used for generalization of the argument in higher
dimensions. We shall use (12)-(14) in constructing
the classical model in the next section.
III. CLASSICAL MODEL FOR INITIAL
PURE STATES
The classical model consists of a stochastic mag-
netic field, which acts on the qubit with Hamilto-
nian,
HCl(t) =
1
2
~B(t) · ~σ (15)
where ~B(t) = (Bx(t), By(t), Bz(t)) and ~σ =
(σx, σy, σz) are Pauli matrices. Each Bj = (Bj(t) :
2
ti ≤ t), for j = x, y, z, is a random process in the
standard sense [38]. That is, each Bj is a family
of random variables Bj(t) defined on a probability
space (Ω,F , P ) where Ω is the sample space, F is a
set of subsets of Ω, and P is a probability measure on
F . By definition, for each t fixed, the random vari-
able Bj(t) is a function from the sample space Ω to
the real line: ω 7→ Bj(t, ω). Here ω are elements of
Ω. For each ω fixed, ~B(t, ω) is a function of t, called
the sample path (or noise history) corresponding to
ω, so ω’s label the sample paths.
On each sample path ω, the qubit evolves from
an initial state ρCl(ti) to state ρ
Cl
ω (t) at each t ≥ ti.
The initial state does not depend on ω, however at
any later time the state depends on ω. The evolution
operator for sample path ω is
UClω = T exp[−i
∫ t
ti
HClω (t)dt] (16)
where T denotes time ordering and
HClω (t) =
1
2
~B(t, ω) · ~σ. (17)
The evolved state at time t can be written as
ρClω (t) = U
Cl
ω ρ
Cl(ti)U
Cl†
ω . (18)
In a classical noise model, the standard approach
[17] is to consider the density matrix of the qubit
at time t as the expectation value of ρClω (t) over all
sample paths,
ρCl(t) =
〈
ρClω (t)
〉
ω
, (19)
where 〈〉ω denotes the expectation function.
Our goal is to construct the random magnetic field
process ~B(t) such that ρCl(t) = ρQ(t) when the two
models start from the same initial state ρCl(ti) =
ρQ(ti).
To this end, we begin with introducing, on a prob-
ability space (Ω,F , P ), a random processΦ = (Φ(t) :
ti ≤ t) with the following properties:
1. For all ω ∈ Ω, Φ(ti, ω) = 0
2. For each ω fixed, Φ(t, ω) is differentiable with
respect to t.
3. For each t fixed, the probability density func-
tion of the random variable Φ(t) is a Gaussian
with mean zero and variance σ2(t),
pΦ(φ, t) =
1√
2πσ2(t)
exp
[
− φ
2
2σ2(t)
]
. (20)
where the probability density function pΦ(φ, t)
for each t is defined from the probability mea-
sure P as
pΦ(φ, t) = lim
ǫ→0
1
ǫ
P{ω : φ ≤ Φ(t, ω) ≤ φ+ ǫ} (21)
4. The variance σ2(t) is
σ2(t) = −2 lim
s→t
ln
∣∣∣ρQ10(s)∣∣∣√
ρQ11(s)ρ
Q
00(s)
(22)
Inequality (14) guarantees that the right hand side of
(22) is nonnegative. Hence, it can be considered as
the variance of a Gaussian distribution. In the case
that σ2(t) = 0 the Gaussian distribution becomes a
delta function. For the case σ2(t) = ∞ the distri-
bution (20) is interpreted as a uniform distribution
over the entire real line. App. B gives a construction
of Φ(t, ω) which satisfies the above properties.
By use of the probability density function (20-21),
we can calculate the expectation of any function of
Φ(t, ω) for each t fixed. As we shall see, it is partic-
ularly useful to calculate 〈exp[±iΦ(t, ω)]〉ω:〈
e±iΦ(t,ω)
〉
ω
=
∫ ∞
−∞
e±iφP{ω : φ ≤ Φ(t, ω) ≤ φ+ dφ}
=
∫ ∞
−∞
e±iφ p(φ, t) dφ = e−σ
2(t)/2
=
∣∣∣ρQ10(t)∣∣∣√
ρQ11(t)ρ
Q
00(t)
(23)
where the first integral above is a Lebesgue integral
that is written in terms of an ordinary Reimann in-
tegral on the second line by use of the probability
density function.
We define for each ω fixed, functions a(t, ω),
b(t, ω):
a(t, ω) =
√
ρQ00(t) (24)
b(t, ω) =
√
ρQ11(t) e
i Arg[ρ10(t)]eiΦ(t,ω) (25)
Here Arg is the argument function over complex
numbers (e.g. z = |z|eiArg[z]). Note that a(t, ω)
is a deterministic function of t and is independent of
sample path ω, however, b(t, ω) is a random function
and depends on the sample path. Nevertheless, on
each sample path one always has the identity
|a(t, ω)|2 + |b(t, ω)|2 = ρQ00(t) + ρQ11(t) = 1 (26)
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where we used Eq. (13) in the last equality.
We are now ready to give the explicit form of
~B(t, ω) :
Bz(t, ω) = i[a˙(t, ω) a(t, ω)
∗ + b˙(t, ω)∗ b(t, ω)] (27)
B+(t, ω) = −i[a˙(t, ω)∗b(t, ω)− b˙(t, ω)a(t, ω)∗] (28)
Bx(t, ω) = Re B+(t, ω) (29)
By(t, ω) = Im B+(t, ω) (30)
where overdots denote derivatives with respect to t.
Bx(t, ω) and By(t, ω) are by definition real-valued.
It is easy to show that Bz(t, ω) is also real-valued:
Bz(t, ω)− Bz(t, ω)∗ = i[a˙a∗ + a˙∗ a+ b˙∗ b+ b˙ b∗]
= i
∂
∂t
[aa∗ + bb∗] = 0 (31)
Here we omitted (t, ω) dependencies of a(t, ω),
b(t, ω) for brevity and used (26) in the last step.
Eq. (31) implies that Bz(t, ω) is real-valued. Thus
(27)-(30) describe a well-defined stochastic magnetic
field. Substituting them in Eq. (17) one obtains the
Hamiltonian HClω (t) of the classical model on each
sample path.
We note that the classical Hamiltonian HClω (t)
depends on the total Hamiltonian of the quantum
model HU , the time elapsed from the beginning of
the evolution and the initial state of the universe
ρU (ti). This is because a(t, ω) and b(t, ω), which
constitute B(t, ω), depend on ρQ(t) which in turn
depends on ρU (t). The latter depends on HU , t and
ρU (ti) (see Eqs. (7)-(11)). Thus H
Cl
ω (t) not only is a
function of the Hamiltonian of the quantum model,
but also depends of the initial state of the universe.
IV. EQUIVALENCE OF THE QUANTUM
AND CLASSICAL MODELS FOR INITIAL
PURE STATES
We assume that the qubit in the classical model
starts from the same initial pure state as in the quan-
tum model,
ρCl(ti) = ρ
Q(ti) = |Ψi〉〈Ψi|. (32)
Since the initial state is a pure state, on each sam-
ple path ω the qubit evolves according to the time-
dependent Schrödinger equation
i|Ψ˙(t, ω)〉 = HClω (t)|Ψ(t, ω)〉 (33)
The solution of this Schrödinger equation on each
sample path is
|Ψ(t, ω)〉 =
(
a(t, ω)
b(t, ω)
)
(34)
as we demonstrate below: Firstly, since Φ(ti, ω) = 0
for all sample paths, from definitions (24)-(25) one
can see that
|Ψ(ti, ω)〉 = |Ψi〉 (35)
for each ω, modulus an overall phase factor. Sec-
ondly, |Ψ(t, ω)〉 of Eq. (34) satisfies the Schrödinger
equation (33):
HClω |Ψ(t, ω)〉 =
(
Bz B
∗
+
B+ −Bz
)(
a
b
)
=
(
ia˙[a∗a+ b∗b]
ib˙[a∗a+ b∗b]
)
=
(
ia˙
ib˙
)
= i|Ψ˙(t, ω)〉 (36)
where we used (26). Thus, |Ψ(t, ω)〉 is the solution
of (33).
The density matrix of the qubit on each sample
path is then
ρClω (t) = |Ψ(t, ω)〉〈Ψ(t, ω)| =
(|a|2 ab∗
ba∗ |b|2
)
(37)
The density matrix of the classical model is the av-
erage of the density matrices of all sample paths
ρCl(t) =
〈
ρCl(t)
〉
ω
=


〈
|a|2
〉
ω
〈ab∗〉ω
〈ba∗〉ω
〈
|b|2
〉
ω

 . (38)
Since |a(t, ω)|2 = ρQ00(t) and |b(t, ω)|2 = ρQ11(t) are
deterministic functions,〈
|a(t, ω)|2
〉
ω
= ρQ00(t) (39)〈
|b(t, ω)|2
〉
ω
= ρQ11(t). (40)
For the off-diagonal term 〈ba∗〉ω we have
〈b(t, ω)a(t, ω)∗〉ω =
√
ρ00(t)ρ11(t)e
i Arg[ρ10(t)]
〈
eiΦ(t,ω)
〉
ω
(41)
By use of Eq. (23), the above expression simplifies
to
〈ba∗〉ω =
∣∣∣ρQ10(t)∣∣∣ei Arg[ρQ10(t)] = ρQ10(t) (42)
Similarly, one obtains
〈ab∗〉ω =
∣∣∣ρQ10(t)∣∣∣e−i Arg[ρQ10(t)] = ρQ01(t). (43)
Finally, by substituting (39), (40), (42), and (43)
into (38) we obtain
ρCl(t) =
(
ρQ00(t) ρ
Q
01(t)
ρQ10(t) ρ
Q
11(t)
)
= ρQ(t) (44)
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just as desired. Hence, the classical model simulates
the quantum model exactly.
Summarizing, we built an stochastic magnetic
field and hence a classical Hamiltonian for each his-
tory of noise. Then we showed that the density ma-
trix of the qubit in this classical model at each mo-
ment of time is equal to the reduced density matrix
of the quantum model at that time.
One can write Eq. (44) in a more familiar form
ρQ(t) =
∫ ∞
−∞
dφ p(φ, t) UClω |Ψi〉〈Ψi)|UCl
†
ω (45)
where p(φ, t)dφ = P{ω : φ ≤ Φ(t, ω) ≤ φ+ dφ} and
UClω = U
Cl
ω (t;HU ; ρU (ti)). This form demonstrates
that every quantum evolution of an open two dimen-
sional system has a random unitary expansion (see
Eq. (2)).
V. QUANTUM AND CLASSICAL MODELS
FOR INITIAL MIXED STATES
The simulation of mixed states is similar to the
one for pure states, apart from a few modifications
that we mention below. For the quantum model,
we relax conditions (3) and (4) of Sec. II for ini-
tial states of the universe and the principal system
(a single qubit), and let them to start in any ar-
bitrary states. That is the universe can start in a
non-product state ρU (ti) and the system can start
in a mixed state ρQ(ti) = TrB[ρU (ti)]. The uni-
verse evolves according to the unitary evolution of
Eq. (9). Relations (12)-(14) still hold since they do
not depend on the initial states. Therefore we can
use them in building the classical model as before.
The classical model follows the classical model of
Sec. III verbatim, except we relax the first property
of the random phase Φ(t, ω): It does not start from
zero for all sample paths, rather it obeys the Gaus-
sian distribution of Eq. (20) for all times includ-
ing the initial time ti. Thus, Φ(t) is a differentiable
random process with Guassian distribution whose
mean and variance are zero and σ2(t) of Eq. (22),
respectively. Since the initial state is a mixed state,
σ(ti) 6= 0. We construct Φ(t, ω) as in App. B, Eq.
(69). Because σ(ti) 6= 0, not all Φ(ti, ω) are equal to
zero, as expected. The random magnetic field and
the classical Hamiltonian follows Eqs. (27)-(30) and
(17), as before.
To prove the equivalence of the classical model and
the quantum model in the case of initial mixed state
we begin with constructing wave functions |Ψ(t, ω)〉
as in Eq. (34). By use of Eqs. (37)-(44) one can
see that the density matrix of the quantum system
at anytime, including the initial time ti, can be ex-
panded in terms of these pure states:
ρQ(t) =
∫ ∞
−∞
dφ p(φ, t) |Ψ(t, ω)〉〈Ψ(t, ω)| (46)
One notes that wave functions |Ψ(t, ω)〉 now do not
start from the same value at t = ti because for
two different sample paths ω, ω′, the initial value
of the random phase can be different Φ(ti, ω) 6=
Φ(ti, ω
′). Nevertheless, |Ψ(t, ω)〉 satisfy Schrödinger
equation (33) on each sample path, as shown in Eq.
(36). Therefore, one can obtain |Ψ(t, ω)〉 by evolving
|Ψ(ti, ω)〉 through UClω :
|Ψ(t, ω)〉 = UClω |Ψ(ti, ω)〉 (47)
where UClω is defined in Eq. (16). Substituting (47)
into Eq. (46) we obtain
ρQ(t) =
∫ ∞
−∞
dφ p(φ, t) UClω |Ψ(ti, ω)〉〈Ψ(ti, ω)|UCl
†
ω .
(48)
At t = ti, U
Cl
ω , which is a function of time, is the
identity operator and Eq. (48) reduces to
ρQ(ti) =
∫ ∞
−∞
dφ p(φ, t) |Ψ(ti, ω)〉〈Ψ(ti, ω)|. (49)
Eqs. (48)-(49) are the random unitary expansions
we intended to find for arbitrary evolution of a single
qubit with initial mixed state (see Eqs. (3)-(4)). In
the sense of these equations the classical model and
the quantum model are equivalent for initial mixed
states as well.
VI. EXAMPLES
We consider three examples for classical simula-
tion of quantum models. In all the examples we
assume that the universe starts in the product state
ρU (0) = |Ψi〉〈Ψi| ⊗ ρB(0) where |Ψi〉 = α|0〉 + β|1〉
and ρB(0) will be specified for each example. We
determine σ2(t), a(t, ω) and b(t, ω) in each example.
The stochastic magnetic field B(t, ω) and the classi-
cal Hamiltonian HCl(t, ω) can then be constructed
by Eqs. (27)-(30), (17) and the discussion of Sec.
III.
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A. Quantum recurrence
Consider a spin-boson Hamiltonian at zero tem-
perature
HU =
1
2
ω0σz + σz
N∑
n=1
(gna
†
n + g
∗
nan) +
N∑
n=1
ωna
†
nan
(50)
where N is finite and the frequencies of the bath are
commensurable (i.e. for each ωn, ωm there are in-
teger numbers pn , pm such that ωn/ωm = pn/pm).
The bath is initially in its ground state. The evolu-
tion of the reduced density matrix is then [31]
ρQ(t) =
( |α|2 αβ∗ e−iω0t−Γ(t)
α∗β eiω0t−Γ(t) |β|2
)
(51)
where
Γ(t) =
N∑
n=1
4
|gn|2
ω2n
(1− cosωnt) (52)
Since ωn’s are commensurable, Γ(t) is a periodic
function. It starts at Γ(0) = 0 and returns to zero
with some period P . Between two nodes of func-
tion Γ(t), however, the value of the function can be
large if N is large or coupling constants gn are sig-
nificant. For example, for |gn| = ωn = 2πn/P and
N = 30 the average value of the function between
two nodes is Γ(t) ≈ 120. This gives rise to decoher-
ence factor exp[−Γ(t)] ≈ 10−53 in the off diagonal el-
ements of (51). This implies that for α = β = 1/
√
2
the system that started in a pure state with entropy
S[ρQ(0)] = Tr[ρQ(0) ln ρQ(0)] = 0 evolves to nearly
the completely maxed state
ρQ(t) ≈
(
1
2 0
0 12
)
0≪ t≪ P (53)
with maximum possible entropy S[ρQ(t)] ≈ ln 2 for
most of the times between, for example, t = 0 and
t = P , and then the entropy of the system decreases
and the system returns to the original pure state at
t = P with S[ρQ(P )] = 0.
In terms of Bloch vector the above process de-
scribes a contraction of the Bloch sphere to almost
a point and then an expansion of it to its full size.
Although the entropy decreases in the intermedi-
ate stage in the above process, it can still be simu-
lated classically. The variance σ(t)2 defined in (22)
is in this case
σ2(t) = 2 Γ(t) (54)
and the functions a(t, ω), b(t, ω) of Eqs. (24)-(25)
are
a(t, ω) = |α|, b(t, ω) = |β| eiArg[α∗β] eiω0teiΦ(t,ω)
(55)
where Φ(t, ω) is the random phase defined in points
1-4 of Sec. III.
B. Pure dephasing
One can also use Hamiltonian (50) as an example
of phase damping in the limit N → ∞. Suppose
the bath is in thermal equilibrium at some nonzero
temperature T and the spectral density function of
the bath is ohmic: J(ω) =
∑
n|gn|2δ(ω − ωn) =
4−1J0ωe
−ω/Λ, where J0 is a dimensionless constant
and Λ is a cut-off frequency. The evolution of the
reduced density matrix can be described by Eq. (51)
when one substitutes for Γ(t) the following expres-
sion [31]
Γ(t) =
∫ ∞
0
dω
4J(ω)
ω2
(1− cosωt) coth(ω/2kBT )
=
J0
2
ln(1 + Λ2t2) + J0 ln
[
sinh(πkBT t)
πkBT t
]
(56)
Here Γ(t) is an increasing function of time, which
gives rise to the increase of the entropy of the system
over time. There is no revival of coherence in this
limit. The classical model is similar to the one in the
previous subsection and is described by Eqs. (54)-
(55) where Γ(t) is given by Eq. (56).
C. Amplitude damping
Finally, consider an amplitude damping channel
[34]
ρ(t) =
(
1− (1 − γ(t))(1− |α|2) αβ∗
√
1− γ(t)
α∗β
√
1− γ(t) |β|2(1 − γ(t))
)
(57)
where the environment starts in the ground state
and γ(t) is the probability of decay of the qubit from
the excited state to its ground state. For real phys-
ical processes, γ(t) can be replaced by (1 − e−t/T1),
where T1 is the longitudinal relaxation time con-
stant.
An amplitude damping channel is not a unital
channel and a general classical simulation of it has
not been achieved in the literature, to our knowl-
edge. The classical model of Sec. III gives such a
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simulation by letting the unitary operators of the
classical model to depend on the initial state of the
universe. The ingredients of the model are as follows
a(t, ω) =
[
1− (1− γ(t))(1 − |α|2)
]1/2
(58)
b(t, ω) = |β|
√
1− γ(t) eiArg[α∗β] eiΦ(t,ω) (59)
σ2(t) = ln
(
|α|−2 − (1− γ(t))(|α|−2 − 1)
)
.(60)
VII. CONCLUSION
In conclusion, we have constructed, for arbitrary
quantum noises, a classical simulation of single-qubit
models. We showed how entanglement between a
qubit and an external bath can be modeled classi-
cally without using the bath. This was made possi-
ble by allowing the unitary operators in the classical
model to depend on the initial state of the system
and the bath.
We demonstrated that the reduced density matri-
ces of quantum models that start from initial pure
states have random unitary expansions. For the
quantum models that start from mixed states (and
even non-product states of the system and bath) we
showed that the density matrices can be expressed
as a random unitary expansion of some pure states.
The classical model was based on utilizing a dif-
ferentiable random phase that has Gaussian distri-
bution with time-varying variance. We gave the ex-
plicit expression for the stochastic magnetic field of
the classical Hamiltonian. The field depends on the
Hamiltonian of the quantum model, the time elapsed
from the beginning of the evolution, and the initial
state of the system and bath in the quantum model.
Simulation of quantum dissipation such as ampli-
tude damping had not been achieved in preceding
classical models, except for short times and high
temperatures. Here, we offered exact results for
a general simulation of such a process (amplitude
damping), for arbitrary long times, as well as of
quantum recurrence and pure dephasing.
Entanglement with an external environment plays
an important role in quantum dissipation and deco-
herence of open quantum systems, beyond doubt.
However, the result of this paper and its preced-
ing counterparts show that, as far as the simulation
is concerned, the distinction between quantum and
classical noises may not be apparent in systems with
low dimensionality.
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Appendix A
A PROPERTY OF THE REDUCED DENSITY
MATRIX
In this appendix we prove the inequality (14),
|ρ10| ≤ √ρ00ρ11, for any 2× 2 reduced matrix.
Quite generally, the density matrix of the universe
can be written in terms of a statistical mixture of
pure states of the universe, ρU =
∑
n pn|Ψn〉〈Ψn|
where |Ψn〉 are pure states of the universe and pn are
their statistical probabilities (pn ≥ 0,
∑
n pn = 1.)
One can choose basis {|i, µ〉} for the universe
which is a direct product of a basis of the system
{|i〉}, where i = 0, 1, and a basis of the bath {|µ〉}.
Then one can expand the pure states |Ψn〉 in terms
of this basis, |Ψn〉 =
∑
i,µ c
n
i,µ|i, µ〉 and rewrite the
universe density matrix as
ρU =
∑
n;i,j;µ,ν
pn c
n
i,µ c
n∗
j,ν |i, µ〉〈j, ν| (61)
Now the reduced density matrix elements are as fol-
lows,
ρ00 =
∑
n;µ
pn
∣∣cn0,µ∣∣2 (62)
ρ11 =
∑
n;µ
pn
∣∣cn1,µ∣∣2 (63)
ρ10 =
∑
n;µ
pn c
n
1,µ c
n∗
0,µ. (64)
|ρ01| satisfies the following inequality
|ρ01| =
∣∣∣∣∣
∑
n;µ
pn c
n
1,µ c
n∗
0,µ
∣∣∣∣∣ ≤
∑
n;µ
pn
∣∣cn1,µ∣∣ ∣∣∣cn∗0,µ∣∣∣. (65)
We define vectors ~Ri
~Ri = (
√
p0
∣∣c0i,0∣∣,√p0∣∣c0i,1∣∣, · · · ;√p1 ∣∣c1i,0∣∣,√p1∣∣c1i,1∣∣, · · · )
(66)
Then we observe that ρ00 =
∣∣∣~R0∣∣∣2, ρ11 = ∣∣∣~R1∣∣∣2, and,
from inequality (65),
|ρ01| ≤ ~R0. ~R1. (67)
Since, ~R0. ~R1 ≤
∣∣∣~R0∣∣∣∣∣∣~R1∣∣∣ we conclude that
|ρ10| ≤ √ρ00ρ11. (68)
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Appendix B
CONSTRUCTION OF Φ(t, ω)
Φ is a random process with Gaussian distribu-
tion whose variance σ2(t) is time dependent. We
demanded that the process be differentiable with re-
spect to time on each sample path in order to have a
well-defined magnetic field in Eqs. (27)-(30). Such a
process exists, as long as σ2(t) is differentiable with
respect to time [39]. There are many constructions
for Φ, depending on what correlation function one
would like for the random process. The simplest
construction is the following [39]: Let Z be a stan-
dard Gaussian random variable with mean zero and
variance equal to unity. By definition of random
variables, Z is a function from a sample space Ω to
the real line : ω 7→ Z(ω). Now let
Φ(t, ω) = σ(t)Z(ω), (69)
where σ(t) is taken from Eq. (22). Φ(t, ω) has the
properties we wanted. For each t fixed, the distribu-
tion of the process is Gaussian because the distribu-
tion of Z is Gaussian. Also the mean and variance
are
〈Φ(t, ω)〉ω = 〈σ(t)Z(ω)〉ω = σ(t) 〈Z(ω)〉ω = 0 (70)〈
Φ(t, ω)2
〉
ω
= σ2(t)
〈
Z(ω)2
〉
ω
= σ2(t) (71)
as expected. For each ω fixed, Φ(t, ω) is differen-
tiable with respect to t since σ(t) is so. Finally,
Φ(ti, ω) = 0 for initial pure states because σ(ti) = 0
for such states. In this case the right hand side of
Eq. (22) is zero. For mixed states the right hand
side of Eq. (22) is nonzero and σ(ti) 6= 0. However,
Φ(ti, ω) is not required in the classical model of Sec.
V to be zero either. Thus the random phase (69)
works well for this case, too.
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